





































































































































1 Loop groups and affine Lie algebrasI

Refinitie Loop group
Let G be a compact connected Lie group
Define LG Y S G I r smooth map

where S z e E I I21 1

group structure
on LG

r y z t.CH KA y K E L G

Cr k t t K and H y are

smooth maps
LG is infinite dimensional

Lie group

Loop group of 6

In these lectures G SUCH

Let eat denote the E algebra of the

Laurent series fct E.ua th M E Z

Let g be the complexified Lie algebra of G
in our case g sea E Set

Lg g dat coupe Lie algebra of LG

Lie bracket
X f Y g X Y fg



Now define as the direct sum

Lg ICC

out dim complex vector space
with basis c

Lie bracket for g
3 tac y 1pct 3,27 43,2 c C

7,2 e Lg a.pe E

where w Lg x Lg E bilinear form
c belongs to center of
3 C I Otc 3,0 w 3,0 c O

CH defines a Lie algebra structure on 5
iff for x y Z E Lg
Ca wCx y way x anti symmetry

b w x y 2 twfly it x tw tax y 0

Jacobi identity
Lie bracket for
X f Y g XY fg w X f Y g c

condition b is called 2 cocycle condition

w and w ane equiv iff f n Lg a linear

s t wlx.gl w x g tukx.gl ht x y cLg
g Lgto do is Lie algebra with ee CenterG



Definition
The Lie algebra g is called central extension

of Lg
Definition Lie algebra cohomology
For a Lie algebra a and left a module M

define
Cpca M Home ha M

p th cochain group
and differential dp Ka M a M

dw xo xp

CDix who y Ii Xp

oeiqj.pl
1
t
w Lxi xj Xo I Ii is xp

for we a M Then

HP a M Kerdp Imdp

is called p th cohomology of a with

coefficients in M

Regarding E as a trivial g module ga o

we H KL g E condition b becomes
du o and m xcg
do for TE H Lg Ct



The converse can also by shown

isomorphism classes

of central extensions of Lg
H Lg E

Definite Cartan killing form
A non degenerate symmetric bilinear form

gig a

satisfying
X Y 27 CX Y Z

for X y Z E g is called Cartan killing form

For g slice we set x y Tr XY

Peropositioni
For the loop algebra Lg we have

H Lg E E The generator of H Lg E
is given by

w X f Y g LX Y Rest Cdfg

where Rest.o Cuthdt L

Proofi
G C LG by choosing ya

S 36 constant

Forge 6 write g expt 2 Zeg Far XELg
we have gXg X it 2 3 042

For L 2 cocycle of Lg we have



thing f facgxg gY g da Y L 2,1 13

for X Y E Lg by 2 cocycle condition

Define 1 cochainuz Lg
E by

m2 h L Z U for Ze Lg
x Z EX Y uz X YI dmz x Y

trivial in H Lg d

Denote 2gCx Y x gXg
t gYg Then

Lg dg

in invariant under conjugation and is

co homologous to a C G is simply connected

suppose that x is invariant under conj
x 2 x Y ta X 1273 o

x X EY 23

set 2mm X y Wth Y th for X YE g

hmm i gxg E is bilinear and satisfies C

hmu is symmetric
and therefore killingform

since g is simple
Then 2mm in m x anti syn
Cocycle condition for a becomes

Xm tu p
t Lntp m t Xp mm

O

h p 0 Lm 0 0 Fm



p m n Luau in n him in Lui n

Lm m m Li I

p a g w n Lg m u men Nq mint dot n n

Lg k k K dot I I

Am u
0 if with 1 0 9Ag do q o

Am y
m 8mm o Li I

Li i gxg E is g invariant syn bilinear

form equal to Cartan Killing form up to canst

Sef w di I

It can be easily shown that w is not
coboundary exercise B

Dfeinitimcaffine Liealgebra
The central extension g of g with Lie bracket

X th Y t X Y t t LX Y m 8mm o

for X Y E g is called affine Lie algebra
associated with g


